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Abstract work generalizes well. Our objective in this paper is to
discuss a training algorithm which consistently produc-

. Th|§ paper descnbe;_the application of Baye- es networks with good generalization. This method for
sian regularization to the training of feedforward neural .

S improving generalization constrains the size of the net-
networks. A Gauss-Newton approximation to the Hes- ; . L
. . ) . . work weights and is referred to as regularization [1].
sian matrix, which can be conveniently implemented

o The idea is that the true underlying function is assumed
within the framework of the Levenberg-Marquardt algo- ) )

) . . to have a degree of smoothness. When the weights in a
rithm, is used to reduce the computational overhead.

The resulting algorithm is demonstrated on a simple testnetwork are kept small, the network response will be

: : . smooth. With regularization, any modestly oversized

problem and is then applied to three practical problems. .
. network should be able to sufficiently represent the true
The results demonstrate that the algorithm produces net;

: o .-~ function.
works which have excellent generalization capabilities. . . . .
In the following section we will review regu-

larization techniques. We will then apply David MacK-
ay’s Bayesian techniques to optimize regularization [1].

The results described in this paper apply to The optimal regularization technique requires the com-
multi-layer feedforward neural networks which are used putation of the Hessian matrix. To minimize the compu-
for nonlinear regression. The networks are trained usingtational overhead, we propose using a Gauss-Newton
supervised learning, with a training set of inputs and tar-approximation to the Hessian matrix. This approxima-
gets in the form{p,, t} . {p,t} ... .{p,t} . We as- tionis readily available when using the Levenberg-Mar-
sume that the targets are generated;by g(p) +¢; quardt algorithm for network training [2], [3]. Then, in
whereg(p) is an unknown function amgd  is indepen- the next section we will apply this new approximation to
dent Gaussian noise. The initial objective of the training Bayesian regularization to a diverse set of three real
process will be to minimize the sum of squared errors: world problems.

1. Introduction

n
Ep = > (4 —ai)z (1) 2. Regularization
- _ Typically, training aims to reduce the sum of
wherea; represents the neural network response. Thigquared errors = E, . However, regularization adds

performance index will later be modified to improve zn additional term; the objective function becomes
network generalization. F = BEp +aE,, whereE,, is the sum of squares of the
The goal of neural network training is to pro- petwork weights, andr an@l  are objective function
duce a network which produces small errors on the train-parameters. The relative size of the objective function
ing set, but which will also respond properly to novel parameters dictates the emphasis for trainingi<#p
inputs. When a network is able to perform as well on then the training algorithm will drive the errors smaller.
novel inputs as on training set inputs, we say that the netif o>>p, training will emphasize weight size reduction



at the expense of network errors, thus producing a _ P(D|a, B, M)P(a, B|M)
smoother network response. P(a,B[D, M) = P(D|M) ®)
The main problem with implementing regular-
ization is setting the correct values for the objective
function parameters. David MacKay [1] has done ex-
tensive work on the application of Bayes’ rule to neural
network training and to optimizing regularization. In

If we assume a uniform prior densi®fa,B|M)  for the
regularization parameters  afgd , then maximizing
the posterior is achieved by maximizing the likelihood
function P(D|a, B, M) . However, note that this likeli-
the following we will show his main results as they ap- h(.)Od function 'S f[he normalization ffa\ctor for Eq. (2).

Since all probabilities have a Gaussian form, we know
ply to our problem. : ; .

the form for the posterior density of Eq. (2). It is show

In the Bayesian framework the weights of the inEq. (4). N Ve Eqa. (2) for th i
network are considered random variables. After the data g. (4). Now we can solve Eq. (2) for the normaliza-

is taken, the density function for the weights can be up- tion factor.
dated according to Bayes’ rule:

P(D|w, B, M)P(w |a, M) @ P(D|a, B, M) =
P(D|a, B, M) P(W|D,a,B, M)

whereD represents the data $&t, s the particular neu- [
ral network model used, and s the vector of network
weights. P(w |a, M) is the prior density, which repre-
sents our knowledge of the weights before any data is Ze(a,B)
collected. P(D|w, B, M) is the likelihood function, _ Ze(a,B) _exp(-BEp—aEy)  Zp(a,B)
which is the probability of the data occurring, giventhe = Z B Zo(@) oPFW)  Zo(B)Zu(®)
weights w . P(D|a,B,M) is a normalization factor, DAFITwW DAFITwW
which guarantees that the total probability is 1.

If we assume that the noise in the training set Note that we know the constangs,(B) ang(a)
data is Gaussian and that the prior distribution for thefrom Eq. (3). The only part we do not knowzis(a, B)
weights is Gaussian, the probability densities can beHowever, we can estimate it by Taylor series expansion.
written Since the objective function has the shape of a quadratic
in a small area surrounding a minimum point, we can ex-
pandF(w) around the minimum point of the posterior
densitywMP | where the gradient is zero. Solving for the

P(W [, M) = %m)eXp(—a Ey). ©) normalizing constant yields

N/2 mp,—1,,1/2
det((H —F(wMP 7
where Z,(B) = (v B) andz,, (o) = (1 q) (det(( ) ) exp(-=F(wMP))  (7)
we substitute these probabilities into Eq. (2), we obtain where H = BO2%E, + a02%E,, is the Hessian matrix of

P(D|w, B, M)P(W |a, M)

P(W|D,a,B,M) =

(6)

ZD:EB)EXD(_BED)}[Z (a)exp( aEW)}

exp(—F(w))

P(D|W, B, M) = s——exp(-BEp) and

z ([3)

n/2 N2 e Z=(2m)

1 the objective function. Placing this result into Eq. (6),
zw(q)zD(B)eXp(_(BED +aEy)) we can solve for the optimal values for  ghd  at the

P(W|D, a,B,M) = Normalization Factor __ (4)  Minimum point. We do this by taking the derivative
with respect to each of the log of Eq. (6) and set them

= 7(a B)exp(—F(W)) equal to zero. This yields
MP —
In this Bayesian framework, the optimal weights should a = ﬁ andp™ = n—mp . (8
2E,(W"") 2E, (W)

maximize the posterior probability(w |D, a,, M)
Maximizing the posterior probability is equivalent to \yherey = N_ZGMPtr(HMP)‘l is called the effective
minimizing the regularized objective  function number of parameters, and s the total number of pa-
F = BEp +aEy. rameters in the network. The paramater is a measure
of how many parameters in the neural network are effec-
tively used in reducing the error function. It can range
Now we consider the application of Bayes' rule from zero toN .
to optimizing the objective function parameters and

B. Here, we have

Optimizing the Regularization Parameters



Gauss-Newton Approximation to the Hessian After training, there are some casual checks

that should be administered. First, if the final effective

tion parameters requires the computation of the Hessiaﬁ1umber of parametefg  is very close to the actual num-
matrix of F(w) at the minimum poinvyMP . We pro- ber of parameterd , then the neural network may not be
pose using the Gauss-Newton approximation to Hessiarlarge enough to properly represent the true function. In
matrix, which is readily available if the Levenberg-Mar- this case, simply add more hidden layer neurons and re-
guardt optimization algorithm is used to locate the min- train. If the larger network has the same fipal , then the
imum point ([2]-[4]). The additional computation smaller network was large enough. Otherwise, more
required for optimization of the regularization is mini- hidden layer neurons may need to be added. The second
mal. check is one of consistency of results. If the network is
Here are the steps required for Bayesian opti- sufficiently large, then a second larger network will
mization of the regularization parameters, with the achieve comparable values forg, &g
Gauss-Newton approximation to Hessian matrix: Now we will show an example of GNBR train-

0. Initializea , and the weights. We choose to ing. For this simple test we will use a triangular wave-

The Bayesian optimization of the regulariza-

seta = 0 and3 = 1 and use the Nguyen-
Widrow method of initializing the weighs [5].
After the first training step, the objective func-

form. The training set consists of one hundred data
points with Gaussian noise of zero mean and 0.01 vari-
ance added to sampled points of the triangle wave. Fig-

tion parameters will recover from the initial ure 1 shows the resulting functions for a 1-6-1 network
setting. without regularization and a 1-6-1 network trained with

1. Take one step of the Levenberg-Marquardt al- the GNBR algorithm. Note the overfitting that occurs
gorithm to minimize the objective function without regularization.

F(w) = BEp +aEy .

2. Compute the effective number of parameters 15—
y =N —20rtr(H)_1 making use of the Gauss- -
Newton approximation to the Hessian avail- I
able in the Levenberg-Marquardt training algo-
rithm: H = DZF(w)=2[3JTJ +2aly , where
J is the Jacobian matrix of the training set er-
rors [2].

1-6-1 Network Without Regularization

3. Compute new estimates for the objective func-
tion pa}]rgr\peters = and

2E,, (W)

0.1 0.2 0.3 0.4 05 0.6 0.7 08 0.9 1

2Ep (W) .
4. Now itérate steps 1 through 3 until conver-
gence.

1-6-1 Network With Bayesian Regularization

Bear in mind that with each reestimate of the .
objective function parameters the objective function is
changing; therefore, the minimum point is moving. If
traversing the performance surface generally moves to-
ward the next minimum point, then the new estimates
for the objective function parameters will be more pre-
cise. Eventually, the precision will be good enough that
the objective function will not significantly change in
subsequent iterations. Thus, we will obtain conver-
gence.

-15

When this Gauss-Newton approximation to ° 01 02 03 04 05 06 07 08 09 1

Bayesian regularization (GNBR) algorithm is used, the ~ Figure 1 Approximation of the Triangle Wave
best results are obtained if the training data is first
mapped into the range [-1,1] (or some similar region).

We typically scale both inputs and outputs.

Table 1 summarizes the results for training
many different networks of the 1-S-1 architecture. No-
tice how the effective number of parameters is con-



stant for any network with at least 4 hidden layer -—

neurons. This is the minimum size network required to osf L e
properly represent the true function. The actual number 0| e A

of parameter®N can increase to 43, providing thirty su- oaf N o

perfluous parameters, and yet we still get very consistent 02l et

results. As noted before, g, aBg  functions re- of g

main constant as the size of network is increased. Also, W/H
because we know the true function, we can calculate the
actual errors. Thisis designatedss  in the table. This
function is also very stable for any sufficiently complex
network. The GNBR algorithm has produced optimal
results for all networks of at least the minimal size.
Thus, in contrast to some other techniques, the GNBR
algorithm has the capability to produce optimal results
the first time. Further, the cost of implementing the
changes in the training algorithm was minimal since we
are using the Gauss-Newton approximation to the Hes-
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Figure 2 Normalized Preschool Boys’ Data

Table 2 Boy’s Data

sian for computation.
S Ep Ew Er N Y
Table 1 Triangle wave results 1| 1262 [1542 (.0475 4| 3.055
2 0.443 4565 0.0095 7| 5984
S E E E N
D w A Y 3| 0444 4337 00087 10| 6.059
2 (1612 Pp03.0 0.5031 7 5.659 4 0441 163 00124 13| 7.244
3 (1214 (1878 (.1954 10 8.468 6 0441 1163 00124 19| 7244
4 1144 n77.0 (.1080 18 9.843 3 0441 163 00124 25| 7.244
5 11143 (1772 0.1085 16 9.906 10 0.441 1163 00124 31| 7244
6 | 1143 (1772 (0.1088 19 9.908 20 0.441 4163 00124 61| 7244
8 |1143 {771 01091 25 9.911
10 (1142 (1771 Q1093 31 9.913 Chaotic Series
14 [1142 1770 Q10%5 48 9915 The Mackey-Glass chaotic equation [7] is
Experiments X(t) = —ax(t_T)lo—DX( ) 9)
1+x(t—1)

To test the GNBR algorithm, we chose three
real-world problems: a single-input/single-output re- For our test we set the characteristic parameters to
gression, a time series prediction and an artificial chaot-a = 0.2, b = 0.1 andt = 17 . Lettingat = 1 , we it-
ic series model. erated the equation to produce a time series. Skipping

_ ) ) the first 1000 iterates (transient period), we captured the
Single-Input/Single-Output Regression second 1000 points. The data is shown in Figure 3. We

The first test set contains ages and weight-to- then normalized the data set and took the last 100 points
height ratios for preschool boys [6]. Figure 2 shows the (10%) as a testing set. A two-input/single-output net-
normalized data “+” along with a trained neural network Work was then trained to predict the next time point from
response. Table 2 summarizes the training results fothe current time point and the time point 17 time steps
several different networks of theSt1 architecture.E back.

is the error on a test set containing 10% of the data which Table 3 summarizes the training of 2-S-1 net-
was held out from the training set.) Notice that for all Works on the Mackey-Glass data. The effective number

models withS>4 the errors an’j are the same. Theof pal’ameters reached a maximum of 22 with the 2-7-1

GNBR algorithm produces consistent results, and thenetwork. Even though the actual number of parameters

network response in Figure 2 clearly generalizes well. 1S increased, the effective number of parameters re-
mained roughly constant, indicating that the 2-7-1 net-

work is the smallest network with sufficient complexity
to fit the data. In the lower graph of Figure 3 the predic-



tions of the 2-7-1 network are indicated by “X” and the
actual data points are indicated by “0”.

Table 3 Mackey-Glass Data

S = Ew Er N y
1 25320 68.56 04012 5| 4077
2 0.0986 [107.2 0.0147 9| 8178
3 0.0853 8.1 0.0124 13| 11|82
4 0.0744 (14.70 0.0108 17| 16|71
5 0.0738 [15.07 0.0108 21| 19|47
6 0.0738 [14.88 0.0108 25| 20|91
7 0.0738 (1441 0.0108 29| 22|07
8 0.0738 (1441 0.0108 33| 22|08
12 0.0737 (5.27 0.0108 49| 211
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Figure 3 Mackey-Glass Data

Sunspot Data

The next experimental set is the annual average
sunspot observations from 1700-1988 [8]. This data is
displayed in Figure 4. Box and Jenkins [9] suggest a

Table 4 summarizes the results of training on
the sunspot data. The optimal network architecture is
found to be 2-4-1. If we increase S beyond 4 the effec-
tive number of parameters remains constant. The sum of
squared error on the training and test sets is consistent
with the results described in [9].
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Figure 4 Sunspot Data

Table 4 Sunspot Data

s B Ew Er | N y
1 6999 [B9o93 1474 B 4507
2 |5426 1388 1123 P 8030
3 [5297 [1361 1459 1B 1055
4 [5105 1379 1187 1y 1252
8 | 5105 [13.79 1187 38 1252
10 |5105 1379 1187 4L 1252
30 [5105 1379 1187 121 1252

second order autoregressive model for this time series.

Thus, networks with architecture 2-S-1 were used to
predict the next year's sunspot activity from the activity
in the previous two years.



Summary and Conclusions

In this paper we have discussed the use of
Bayesian regularization to prevent overfitting in neural
network training. The Bayesian framework developed
by David MacKay allows the optimal setting of the reg-
ularization parameters. One drawback of this Bayesian
approach is that it requires the computation of the Hes-
sian matrix of the performance index. In this paper we
have introduced the GNBR algorithm, which uses a
Gauss-Newton approximation to the Hessian matrix.
The additional overhead of this Gauss-Newton approxi-
mation to Bayesian regularization is minimal when the
Levenberg-Marquardt optimization algorithm is used to
locate the optimal weights. Tests on several practical
problems demonstrate that the GNBR algorithm pro-
vides good generalization in a number of settings.
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